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A solution is presented for the problem of radiative heat exchange be- 
tween a gas and three gray surfaces in a closed space. 

The l i t e r a t u r e  [1, 2] ci tes  the solut ion for the p r o -  
b lem of r ad ia t ive  heat exchange in a c losed  s y s t e m  
cons i s t ing  of th ree  g ray  su r faces .  The sys t em is f i l -  
led with a r ad ia t ion  t r a n s p a r e n t  (d ia thermic)  med ium.  

Let us cons ide r  r ad ia t ive  heat exchange in a c losed  
space cons i s t ing  of th ree  g ray  su r faces  F~, F2, and F3, 
when the angula r  coeff ic ients  r ~ 0, ~22 ~ 0, and ~aa ~ 

0. Within the space  the re  is  a r a d i a t i o n - a b s o r b i n g  
m e d i u m  (gas) exhibi t ing a un i fo rm t e m p e r a t u r e  th rough-  
out i ts  e n t i r e  volume.  We r e g a r d  the gas as gray,  i .e . ,  
capable  of abso rb ing  rad ian t  ene rgy  on all wavelengths ,  
exhibi t ing no r e f l ec t ance ,  but t r a n s p a r e n t  to some  ex-  
tent  for all wavelengths .  We a s s u m e  that the e m i s s i -  
vi ty of the gas is d i f fe ren t  for  the v a r i o u s  r ad ia t ion  
d i r ec t ions ,  and we denote it in the following m a n n e r :  

r 1 6 2  r = r  ~o ~ = r r r ~.  

The subscript 0 for the e denotes that the emissi- 

vity pertains to a gaseous medium, whereas the super- 
script shows the number of surfaces between which 

the radiation beam moves. We denote the gas temper- 

ature by To, while the temperature and emissivity of 

the surfaces FI, F 2, and Fa, respectively, are denoted as 

Ti, T2, T3 and ~I, ex, ca. We assume that To > TI > 
Ta > Ta. 

The results of the exchange of heat betwen indivi- 

dual surfaces in the presence of a gas and with the 

participation of a third surface are expressed by the 

following equations [3]: 

Q,, = & ~ , s , ,  ( &  - & )  --  & ~ , , ~ ,  ( E  - -  & ) ,  (z)  

Q,, = & r  ( &  - & )  = & %,e~, ( E  - -  E,), (2) 

Q~ = & q~=~,, ( &  - -  g , )  = & %,8. ,  ( &  - -  & ) .  (3) 

The results of the exchange of heat between the gas 
and each of the surfaces, with the participation of two 

other surfaces, are represented by the functions [3]: 

Qol = F1 col (Eo -- El), (4) 

q,,~ = & ~ =  ( & - - & ) ,  (5) 

Q~ = F, e~ (Eo - -  Es), (6) 

E n is  the specif ic  e m i s s i v e  power of an absolute  black 
body at the t e m p e r a t u r e  Tn; n co r r e sponds  to the 
notat ion of the gas or su r face ;  ei2 = E2i, El3 = E31, E2a = 

= e3z a re  the gene ra l  e m i s s i v i t i e s  for the p a r t i c u l a r  
sy s t e ms  cons i s t ing  of two su r faces .  The subsc r ip t  with 
the e indicates  the n u m b e r  of su r faces  making up the 
sys t em;  e0n (n = 1, 2, 3) is the gene ra l  emi s s iv i t y  of 
the g a s - s u r f a c e  sys t em.  

To solve the fo rmula ted  p rob lem,  we mus t  d e t e r -  
m i n e  the e m i s s i v i t i e s  of the p a r t i c u l a r  s y s t e m s  elz, 

~13, ~23, 601~ E02, and e0a. 
The solut ion of the p rob lems  of r ad ia t ive  heat ex-  

change can be achieved a lgeb ra i ca l ly  if in a sys t em of 
p su r faces  the following condit ion is sa t i s f ied  [4 -6] :  

�9 ~,-k = ~--~ (n, k = 1, 2, 3 . . . . . .  p), (7) 

which indica tes  that the angular  coefficient  f rom any 
unit  a r ea  of su r f aces  F n to F k is equal  to the m e a n  
angula r  coefficient  f rom F n to F k. As an example  of 
s y s t e m s  for which (7) is sa t i s f ied  we cite a sphere  
within a sphere, with a common center, or two infin- 
itely long cylinders with a common axis. If (7) is not 

satisfied, we are forced to deal with integral equations. 

We assume that (7) is satisfied for our system. 

We use the method described in [7] to solve the 

problem; according to this method we derive the energy 
ba lance  for each of the th ree  su r f aces ,  a s s u m i n g  con -  
d i t iona l ly  for the m o m e n t  that the sur face  F1 has a 
t e m p e r a t u r e  T1 ~ 0, while the t e m p e r a t u r e  of the r e -  
ma in ing  two su r faces  and that of the gas a re  equal  to 
absolute  zero.  As a r e s u l t  we have an a lgebra i c  s y s -  
t em of th ree  equat ions  with th ree  unknowns : 

12 13 f1,1 d~' ~ & ,R1 § H,~do ,R~ § ft, ado IRa 

-- Hnd~o 1 ex, 

,~ ( , 2 F , )  ,a 
Ht2do 1Rt + H~2do - - ~ -  t r y +  H2~do 1Ra= 

6 , 

- I-I~d~%r, 

Hl,d~oa lR, -i- Head~ lR2 § ( Ha~dao3 - -  ~ -  ) ,R, = 

= --  HladZo a el, 

(s) 

where  where  

E"=4"96( T" ) ~ - l - ~  (n = 0, t, 2, 3), i R n -  IE~eff 
E~ 

( n =  I, 2, 3); (9) 
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n is the sur face  number ;  aEne ff is the densi ty  of the 
total  (effective) heat  flux f rom the sur face  F n, i .e . ,  
the i n t r i n s i c  and the re f l ec ted  flow; 1R n is the r e l a -  
t ive dens i ty  of the total  heat flux f rom the sur face  F n. 
The left s u p e r s c r i p t  ind ica tes  the or ig ina l  r ad ia t ion  
source ,  while the r igh t  subsc r ip t  denotes the su r face  
f rom which the effect ive heat  flux emana tes ;  H denotes 
the equivalent  (mutual) su r face  in the exchange of heat  
be tween two s u r f a c e s :  H~I = F~11;  H12 = F~r = F2~P21 
etc. ; d~ 1 = 1 - 8~ ~, do ~2 = 1 - e~ 2, e t c . ,  denotes the 
t r a n s p a r e n c y  of the gas on mot ion  of the beam in va -  
r ious  d i rec t ions  accord ing  to the s u p e r s c r i p t ;  r l  = 1 - 
- 8~, r2 = 1 - e2, and r3 = 1 - e3 a r e  the r e f l ec t ances  
o f  the su r f ace s  F~, F2, and F3. 

The e m i s s i v i t y  e 12 is  d e t e r m i n e d  f rom the equat ion 

~2 F~ q~12el~ = F2 - -  ,R~. (i0) 
r~ 

In the l e f t -hand  pa r t  of (10) we find the r e s u l t  of the 
heat  exchange,  m e a s u r e d  in uni ts  of Et, between F1 
and F2, de r ived  f rom (1) when T2 = 0. In the r i g h t -  
hand par t  the quant i ty  F2 = 1R2/r2 r e P r e s e n t s  the r e l a -  
t ive heat  flux inc ident  on the sur face  F2, s ince  the 
magni tude  of the r e l a t ive  dens i ty  ~R2 of the total  hea t  
flux f rom F 2 when T2 = T3 = To = 0 is equal to the r e l -  
a t ive dens i ty  of the r e f l ec t ed  heat  flux f rom F2 alone.  
The product  of F2(1R~/r2) by e2 shows the r e l a t ive  heat  
flax abso rbed  by the sur face  F2 as a r e s u l t  of heat  e x -  
change. 

F r o m  (10) for e~2 we obtain 

F 2 E2 
e,~ -- 1R~. (ii) 

F~ q~1~ r~ 

The quantity s~2 determined from (11) according to 
the adopted working model in which To = T2 = T3 = 0 
will also be valid for the case in which the temper- 
aturesT0, T 2, and T3 are different from zero, since 
el2 is a function of the physical and geometric con- 
stants and independent of temperature. Equations 
analogous to (11) are also derived for the determina- 
tion of e~3 and ez~: 

Fa e3 
e~s = ~Rs, (12) 

Fx ~,~ rn 

F z  e3 
e~s ~ - - -  ~R~, ( 1 3 )  

F~ q~a r 3 

where  2R~ = 2Eaeff/E 2 is  the r e l a t i v e  dens i ty  of the 
total  heat  flux f rom F~ under  the condi t ion that the 
su r face  F~ exhibi ts  a t e m p e r a t u r e  T2 ~0 ,  and the 
t e m p e r a t u r e s  T~ - T3 = To = 0. 

To d e t e r m i n e  2R3 we compi le  a sy s t em of equat ions  
analogous to (8) f r o m  which the quant i ty  zR3 is d e t e r -  
mined .  The e x p r e s s i o n s  for 1K2 and 1Ra a r e  d e t e r m i n e d  
f rom (8). 

Having subs t i tu ted  the e x p r e s s i o n s  for  1R2, 1R3, and 
2R3, r e s p e c t i v e l y ,  Into (11), (12), and (13), we obta in  
the f inal  e x p r e s s i o n s  for  the d e t e r m i n a t i o n  of e~ ,  e~ ,  

and 823 : 

e.~  - (.~.~ [~.~ d ~  (r d ~  "~ r., - -  1) - -  

~ '"~ '~  "~ ( A ) - I ,  (14) q)nm(~mkao ao rml ) • 

where nk r e p r e s e n t s  a combinat ion  of the th ree  e l e -  
m e n t s  1, 2, and 3, denoting the sur face  number s ,  two 
each, while m is the number  of the r e m a i n i n g  sur face  
not inc luded in the combinat ion  nk; 

A = (q%l d~ 1 r 1 - -  1) t,v22 t~ d 22ro ~ - -  1) (%3 doaar3 _ 1) + 

12 13 23 + 2 ~ 1 ~ a % ~  do do do rlr~ra - - % 3 % ~  (d~o) 2 X 

x ( t p n d t o l q - - l )  r~r a - -  

13 2 22 
- -  (h8%1 (do) (~22 do r~ - -  1) r l r 3  - -  

d x2 ~. daar - ~12q%1( o ) t~33 o 3 - -  1) qr2. (15) 

Accord ing  to [7], to d e t e r m i n e  the e m i s s i v i t i e s  801, 
802, and 803 we can make up the following s y s t e m  of equa-  
t ions based  on the ene rgy  ba lance  for each of the s u r -  
faces ,  if we a s s u m e  that the gas has a t e m p e r a t u r e  
To ~ 0, with the su r face  t e m p e r a t u r e s  equal to zero  
(TI=T2 =T3 =0): 

( - -  -Q1 oR1 @ H12do ot2,2 @ H,zdto 3 oRz = 

_ _ oequt~ 
- -  ~0 - - D  

Hlf lo  oR1 + H22dg 2 F2 oR2 + H2,flo oR3= 

oequz F 
- -  o 0 2,  

H13d~oaoR1 '-1- H~ad2aoR20 -]- Haad~o a --  ~ 0R3= 

e q t l 3 ~  
- -  8 o F 3 9  

(16) 

where  oRn = oEneff/Eo (n = 1, 2, 3) is the r e l a t ive  den-  
s i ty  of the total  (effective) heat  flux f rom the su r f ace s  
of the s y s t e m  in which the sole  source  of r ad ia t ion  is  
a r a d i a t i o n - a b s o r b i n g  m e d i u m  having the t e m p e r a t u r e  
To s 0 ,  and T 1 = T2 =T3 = 0; eo equl,  e equ2, 8~q u3 a re  
d e t e r m i n e d  f rom the equat ions  

e q t l  n n l e b =~ , l e  0 § 2+V.3e~ 3 ( n = l ,  2, 3), (17) 

e e q u n  is  the equiva lent  e m i s s i v i t y  of the gas for  the 
r ad i a t i on  p roceed ing  f rom the su r face  F n in all  th ree  
d i r ec t ions .  

The equat ions  for the d e t e r m i n a t i o n  of the e m i s s i -  
v i t i e s  e01, e02, and e03 a re  found in analogy with (11), 
(12), and (13) : 

~o. = ~" oR.  (n  = 1, 2,  3),  ( 1 8 )  
r. 

where  n is  the su r f ace  numbe r .  
Having subs t i tu ted  into (18) the e xp r e s s i ons  for oR1, 

oR2, and oR3, d e t e r m i n e d f r o m  (16), we der ive  a g e n e r a -  
l ized  e x p r e s s i o n  for  the de te r  mina t ion  of 80 t, 802, and 803: 

~;n rnk 2 %. = - y  { ['P.,~'P~m (do / rm~, - -  
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--'((Prom dg ''~ rm - -  1) (ep,, do~r, . -  1)] e equ~ + 

t im  g./~ + [ r do r~ (q~,, do r, - -  1) - -  

.nk . / r  ] 
- -  ~n~ ~*rn ao ao rmrkj  8equm-F 

-+- [ r d ~  r~ (~ . ,m  d ~ m  r., - 1)--  

arttn ~rnk  7 
- -  (pnm(pm~a0 ao rmr~J eequ~}. (19) 

Here  n = 1, 2, 3 is t h e n u m b e r  of the sur face  fo rming - -  
with the gas - - a  p a r t i c u l a r  s y s t e m  for  which we have 
to d e t e r m i n e  the emi s s iv i t y ;  m and k a re  the n u m b e r s  
of the two r e m a i n i n g  su r f ace s  not included in the g a s -  
su r face  sys tem.  For  example ,  if n = 1, m = 2 and k = 
= 3 ;  i f n = 2 ,  m = l ,  k = 3 ;  i f n = 3 ,  r e = l ,  k = 2 .  As 
before ,  A is ca lcu la ted  f rom (15). 

Having subs t i tu ted  the de r ived  e x p r e s s i o n s  for et2, 
e~3, e2~, e0~, e02, and e0~ f r o m  (14) and (19), r e spec t ive ly ,  
into (1), (2), (3) and (4), (5), (6), we can ca lcu la te  the 
r e s u l t s  of the rad ia t ive  heat  exchange in a c losed space 
cons i s t ing  of th ree  g ray  bodies  and f i l led with a r a d i a -  
t i o n - a b s o r b i n g  med ium.  The r e s u l t i n g  so lu t ions  of(14) 
and (19) for the e m i s s i v i t i e s  of the s y s t e m s  a r e  the 
mos t  genera l .  The spec ia l  cases  can be der ived  f rom 
them.  Fo r  example ,  when the e m i s s i v i t y  of the gas is 
iden t ica l  in all  d i rec t ion ,  i . e . ,  s t '  = e22 = e~3 = el2 = 

= e~ 3 = e0 ~ = s0, t h e  s o l u t i o n s  o f  (14 )  a n d  (19 )  a s s u m e  

the form 

2 
e ~ e * [ e P ~ k d ~ 1 7 6 1 7 6  (20) 

sn~ = B ' 

where  nk, as before ,  r e p r e s e n t s  a combina t ion  of 
th ree  e l e m e n t s  1, 2, and 3, two each,  while m is  the 
n u m b e r  of the sur face  not inc luded in the combina t ion  
nk; 

e~ [ ~Pm~ ~,~ d~ rmr k - -  

8 ~  - -  B 

- -  (~ram dorm - -  1) (tpk , d o r a - -1)  -4- 

2 
+- r dor m (epk ~ do t  k - -  1) - -  cpnk ~ k ~  do rmr k ~-  

-~- ~ ~ dor k (cpm m dor.~ - -  1) - -  r ~m ~ d~rmr , ] , 

e . q u  n 
0 = ((Pnl + (P,~ + (P,s)e0 = so, (21) 

s ince  Cpnl + Cpn 2 + Cpn 3 = 1, where  n, m, and k a r e  the 
same  as in the solut ion (19): 

do=  ] --e0; 

B = (~11 dnrl  - -  l) (r dot2 - -  l) (q~3~ dot3 - -  l) -p 

Jr" 2~1~ r ~81 dao rlr~rs - -  (P23 tp~ do 2 ((Pll dor~ - -  1) r2r 8 - -  

2 
- -  q~12 ~P~I do (~033 dor 3 - -  l) rlr2. (22) 

If we a s s u m e  that the m e d i u m  in the sys t em is 
t r a n s p a r e n t  to heat  (for example ,  dry  a i r ) ,  e011 = e~ 2 = 
= e~ 3 = s012 = e~ 3 = e 23 = e0 = 0 and the r e s u l t i n g  so lu -  

t ions ,  by me a ns  of a lgebra ic  t r a n s f o r m a t i o n s ,  a re  
changed into the solut ion known f rom the l i t e r a t u r e  
[1] for  a sy s t em of three  sur faces ,  with the sys t em 
f i l led  with a r a d i a t i o n - t r a n s p a r e n t  medium.  
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